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$Tf(x)=\mathrm{p}.\mathrm{v}$ . $\int_{R^{n}}K(x-y)f$(y)dy $K$
(1) $|$K$(x)| \leq\frac{C}{|x|^{n}}$ :
(2) $|7 \mathrm{A}(x)|\leq\frac{C}{|x|^{n+1}}$ ,
(3) $\int_{\epsilon<|x|<N}K(x)dx=0$ , $0<\forall\epsilon<\forall N$ .
(Hilbert )
$Hf(x)=\mathrm{p}.\mathrm{v}$ . $f_{R^{1}} \frac{[perp]}{x-y}f(y)dy$ .
(3) cancellation property .
$(1)\sim(3)$ $\hat{I}\mathrm{f}\in L^{\infty}$ , $T$ $L^{2}$ .
( $| \int_{-\infty}^{\infty}e^{-ixy}/ydy|\leq C$ )
$T$ $L^{p}$ $(1<p<\infty)$ .
$T^{*}$ $T$ adjoint operator $T^{*}f(x)=\mathrm{p}.\mathrm{v}$ . $\int_{R^{\hslash}}I\acute{\mathrm{t}}(.y-x)f$(y)dy (3)




(Hardy $H^{p}$ ) $\varphi\in \mathrm{S},$ $\int_{R}$, $\varphi(x)dx\neq 0$ – $f\in S’$
$f^{++}(x)= \sup_{t>0}|f*\varphi_{t}$ ( x)| $(\varphi t(x)=t^{-n}\varphi(x/t))$ .
$H^{p}(R^{n})=\{f\in \mathrm{S}’;||f||_{H^{\mathrm{p}}}=||f++||_{L}p<\infty\}$ .
$H^{p}$
$\varphi$ . $H^{p}=L^{p}(1<p<\infty)$ .
$f\in L^{1}\cap H^{p}(p\leq 1)$ $\int_{R^{n}}f$ (x) $dx=0$ .
cancellation property $($
$f\in L^{1},$ $\int_{R^{n}}f$(x) $dx=0$ $f\in H^{1}$ (Rn) .
atom .
$(H^{p}- \mathrm{a}\mathrm{t}\mathrm{o}\mathrm{m})$ $a$ ( x) $H^{\mathrm{p}_{-}}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{m}(n/(n+1)<p\leq 1)$
. $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(a)\subset\exists$Q(ball), $||$ a $||L"\leq|$Q $|^{-}1/p,$ $\int_{Q}a(x)dx=0$ .
(atom , Coifman [4], Latter [20]) $n/.(n+1)<p\leq 1$
$f \in H^{p}(R^{n})\Leftrightarrow f=\sum_{j=1}^{\infty}c_{j}a_{j}$ , $a_{j}|\mathrm{h}H^{p}$-atom $\text{ }\sum_{j=1}^{\infty}|$cj $|^{p}\approx||$ f $||$p$\mathrm{p}$ .
3 Hardy
$R_{j}$ Riesz $(Rjf)\wedge(\xi)=i\xi j/|\xi|\hat{f}(\xi)$
(4) $||$ f $||H\mathrm{p}\approx||$f $||_{L^{\mathrm{p}}}+ \sum_{j=1}^{n}||R_{j}f||_{L^{p}}$ , $f\in L^{2}(R^{n})\cap H^{p}(R^{n})$ , $n/(n+1)<p\leq 1$ .
(5) $||$Rj $f||_{H^{\mathrm{p}}}\leq C||f||_{H^{\mathrm{p}}}$ $f\in L^{2}(R^{n})\cap H^{p}(R^{n})$ .
T .
$T$ $H^{p}$ $(n/(n+1)<p\leq 1)$ .
$p\leq n/(n+1)$ $H^{p}$ $K$ (1), (2)
regurality ( [25] ).
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.
$T$ $H^{p}arrow L^{p}$ $T$ $H^{p}arrow H^{p}$ .
$T$ $H^{p}arrow L^{p}$
$||Tf||_{H^{\mathrm{p}}}$ $||Tf||_{L^{p}}+ \sum_{j=1}^{n}||R_{j}Tf||_{L}$ p by (4)
$\leq$ $C||f||_{H^{p}}+ \sum_{j=1}^{n}||TR_{j}f||_{L^{p}}$
$\leq$ $C||f||H^{p}+C \sum_{j=1}^{n}||$ Rj $f||_{H^{\mathrm{p}}}\leq C||f||_{H^{\mathrm{p}}}$ by (5). $\square$
.atom
$||Ta||_{L^{\mathrm{p}}}\leq C$ for any atom $a$ (C atom a ),
.
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(a)\subset\{x\in R^{n}; |x-x_{0}|<r\}$ $x$ ; $|x-x_{0}|>2r$
$|$Ta(x) $|$ $=$ $|$ f $I\acute{\mathrm{t}}(x-y)a(y)dy|$
$=$ $|$ f($K(x-y)-K(x-x_{0})a(y)dy|\cdot$ by cancellation property of $a$






$|$Ta(x) $|^{p}dx\leq$ .Cr$n(1-p/2)||$Ta $||$ W$2\leq Cr^{n(1-p/2)}||a||_{L^{2}}^{p}\leq C$.
$\square$
. $Tf$ $H^{p}$ $L^{\mathrm{p}}$ ,
. $f\in H^{p}$
cancellation property $Tf$ (\S 4 ).
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$Tf(x)=\mathrm{p}.\mathrm{v}$ . $\int$. $R^{n}K$(x, $y$ ) $f$ (y)dy
$I\acute{\mathrm{t}}$
$($
( 1) $|K(x, y)| \leq\frac{C}{|x-y|^{n}}$ ,
$(2’)$ $| \nabla_{x}K(x, y)|+|\nabla_{y}K(x, y)|\leq\frac{C}{|x-y|^{n+1}}$ ,
$(3’)$ $T$ $L^{2}$ .
(Calder\’on’s commutator)




$(3’)$ ( $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{v}\mathrm{o}!\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ ) (\S 1), $I\acute{\mathrm{t}}$
1
? (David-Journ\’e (1984) [8] or [28]),
. $H^{p}$ , $L^{2}$
. , Calder\’on’s commutator $L^{2}$
([3], [5], [8]).
Calder\’o $\mathrm{n}$-Zygmund $T$
$T:L^{p}arrow L^{p}$ $(1 <p<\infty)$ ,
$T:H^{p}arrow L^{p}$ $(n/(n+1)<p\leq 1)$ .
$T$ : $H^{\mathrm{p}}arrow H^{\mathrm{p}}$ .
Alvarez and Milman[2] .
$T^{*}$ $T$ adjoint operator $T^{*}f(x)=\mathrm{p}.\mathrm{v}$ . $\int$Rn $K$ (y, $x$ ) $f(y)dy$ .
(Alvarez and .Mihnan)
$T$ Calder\’on-Zygmund .
$T^{*}1=0$ $T:H^{p},arrow H$p $(n/(n+1)<p\leq 1)$ .
\S 1 cancellation property . $T^{*}1$ ,
[28] .
18
$T^{*}1= \int K$(y, $x$ ) $dy=0$ ,
If , Calder\’on’s commutator
. .
.
1. $T$. . $T^{*}$ }= ‘\infty \rightarrow B. $MO.$. $T^{*}1\in BMO$ .
2. , $\mathrm{L}\mathrm{i}\mathrm{p}_{\epsilon}$ $BMO$ ,
$\mathrm{L}\mathrm{i}\mathrm{p}_{0}=BMO$ .
(BMO)
$BMO(R^{n})=\{f;||$ f $||BMO= \sup_{Q}\frac{1}{|Q|}\int|$ f$(x)-f_{Q}|dx<\infty\}$ , $f_{Q}= \frac{1}{|Q|}\int_{Q}f(x)dx$ .
(homogeneous Lipschitz space)
$\mathrm{L}\mathrm{i}\mathrm{p}_{\epsilon}(R^{n})=\{f;||$ f$.||$Lip, $= \sup_{x\neq y}\frac{|f(x)-f(y)|}{|x-y|^{\epsilon}}<\infty\}$ for $0<\epsilon<1$ .
([28] $\mathrm{p}$ . 213 )
$||f||_{\mathrm{L}\mathrm{i}\mathrm{p}_{e}}\approx \mathrm{s}\mathrm{u}Q$p $\frac{1}{|Q|^{1+\epsilon/n}}\int$ 1 $f(i)-f_{Q}|dx$ .
3. $T$ $H^{p}arrow H^{p}$ , Hardy (7) cancellation property (52) $T^{*1}=0$
. $H^{p}$ (Rn) .
(local Hardy space $H^{p},$ Goldberg [11]) $f^{+}(x)= \sup_{0<t<1}|f*\varphi_{\mathrm{t}}(x)|$ .
$\llcorner$






$T^{*}1\in \mathrm{L}\mathrm{i}\mathrm{p}_{\epsilon}(0<\epsilon\leq 1)$ , $T:H^{\mathrm{p}}arrow h^{\mathrm{p}}$ $(n/(n+\epsilon)<p\leq 1)$ .
$\phi’\in L^{\infty}(R^{1}),$ $\phi’\in \mathrm{L}\mathrm{i}\mathrm{p}_{e}$(R1) $C_{\phi}$ : $H^{p}(R^{1})arrow h^{p}$ (R1) (1/(1+\epsilon )<
$p\leq 1)$ .
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$\phi’\in L^{\infty}$ (R1) $T$ $L^{2}$ ([5]).
$C_{\phi}1=-H(\phi)$ (H Hilbert ) , Hilbert
([28] p. 214), $C_{\phi}1\in \mathrm{L}-\mathrm{i}\mathrm{p}_{\epsilon}(R^{1})$ .
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Alvarez and Milman [2] .
\S 3
$T$ : $H^{p}arrow H^{p}$
$||Ta||H^{\mathrm{p}}\leq C$ $a$ : $H^{p}$-atom
. , $||Ta||_{H^{\mathrm{p}}}=||(Ta)^{++}||_{L^{p}}$
. Taibleson and Weiss [27] molecule .
$(H^{p_{-}}\mathrm{m}\mathrm{o}1\mathrm{e}\mathrm{c}\mathrm{u}1\mathrm{e})$
$M$ (x) $(H^{p}, x_{0}, r)- \mathrm{m}\mathrm{o}\mathrm{l}\mathrm{e}\mathrm{c}\mathrm{u}\mathrm{l}\mathrm{e}(n/(n+1)<p\leq 1)$
$(\mathrm{M}_{1})$ $( \int_{|x-x\mathrm{o}|<2r}|M(x)|^{2}dx)^{1/2}\leq r^{n(1/2-1/p)}$ ,
$(\mathrm{M}_{2})$ $|M(x)| \leq\frac{r^{n(1-1/p)+\delta}}{|x-x_{0}|^{n+\mathit{5}}}$ for $|x-x_{0}|\geq 2r$ ,
$(\mathrm{M}_{3})$ $\int M$(x) $dx=0$ .
([27]) $M$ ( x) $(H^{p}, x_{0}, r)$-molecule
$||M||H^{p}\leq C_{p}$ , $C$p $x_{0},$ $r$ .
Alvarez and Milman .
$T^{*}1=0$ . $a$ (x) $H^{p}$ -atom support $\{x;|x-x_{0}|<r\}$
Ta(x) $(H^{\mathrm{p}}, x_{0}, r)$-molecule .
$T$ $H^{\mathrm{p}}$ .
$(\mathrm{M}_{1}),$ (M2) $(1’),$ $(2’),$ (3’)
$\S 3\square$
. $(\mathrm{M}_{3})$ $T^{*}1=0$ .
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$T^{*}1=0$ $(\mathrm{M}_{3})$ . $h^{p}$ -molecule
.
$(h^{p}- \mathrm{m}\mathrm{o}1\mathrm{e}\mathrm{c}\mathrm{u}1\mathrm{e})$ $n/(n+1)<p\leq 1$ .
$M$ (x) large $(h^{p}, x\mathit{0}, r)$ -molecule $r\geq 1$ $(\mathrm{M}_{1}),$ (M1)
.
$\dot{M}$ (.x) small $(h^{p}, x_{0}, r)$-molecule $r<1$ $(\mathrm{M}_{1}),$ (M1)
$(\mathrm{M}_{3}’)$ $| \int$ M$(x)dx|\leq r^{n/p}$.
.
.
$M$ (x) larege small ( hp, $x_{0},$ $r$ )-molecule .
$||M||_{h^{\mathrm{p}}}\leq C_{\mathrm{p}}$ , $C$p $x_{0},$ $r$ .
$a$ (x) support $\{x;|x-x_{0}|<r\}$ $H^{p_{-}}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{m}$ .




$| \int Ta$ (x)dx| $=$ $|$ (Ta, $1$ ) $|=|(a, T^{*}1)|\leq C_{n}||a||_{H^{\hslash}}/(n+e)$HT’llLip
$C_{n}r^{n/p}$ .
$H^{n/(n+e)}$
$\mathrm{L}\mathrm{i}\mathrm{p}_{\epsilon}$ duality . $\ovalbox{\tt\small REJECT}$
, Hardy [17], Herz
Hardy [16], predual of Morrey [15], Lipschitz , Sobolev
[18], [19] .
\S 1 Stein [24], [26] Garcia-Cuerva and
Rubio de Francia [10], \S 4(1) Journe’[12], Torchinsky [28],
Hardy [10], [28], Stein: [25], $\mathrm{L}\mathrm{u}$ [21], [29] .
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